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Limitations of Deep Neural Networks E

= Data efficiency
= Works well in a large data regime (image, text, audio).
= Scientific and engineering data is scarce and expensive to obtain.
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Cell Classification

27

= Motivating application: inspect the concentration of cancer cells before and after

treatment.

Types of Cells in the Body

ay .

Stem Cells Bone Cells Blood Cells

Fat Cells Skin Cells Nerve Cells Endothelial Cells
Sex Cells Pancreatic Cells Cancer Cells

https://www.thoughtco.com/types-of-cells-in-the-body-373388
https://learn.gencore.bio.nyu.edu/single-cell-rnaseq/

Tissue (e.g. tumor)
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Single Cell RNA Sequencing E

* scRNA-seq: experimental methods to measure the number of messenger RNA in

every single cell.
= Gene expression is inferred by measuring the number of messenger RNA molecules

corresponding to each gene.
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Cell Annotation

27

= Data are expensive to collect: each sample costs around $3,000.
» Prior knowledge: marker genes are the highly expressed genes for a given cell type
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Challenges in Projection to Disjunction

= Feasible region is nonconvex and discontinuous
» Resultin non-differentiable projection
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Goal of the Proposed Method

27

= Embed input-dependent hard mixed-integer linear constraints.

Iz € A,] = I[y € Cr(2)],

r=1,..., R,

C(2) = U §5(@), §is(@) = {v: Ans(ly < brs(a)}

Method

Logic

Linear

Mix

Hard Input dep

OptNet (Amos & Kolter, 2017)
CVXPYlayers (Agrawal et al., 2019)

DC3 (Donti et al., 2021)

Primal dual (Park & Van Hentenryck, 2023)
KKTHardNet (Iftakher et al., 2025)
DecisionRuleNet (Constante-Flores et al., 2025)
Homeomorphic projection (Liang et al., 2024)
FSNet (Nguyen & Donti, 2025)

Semantic Loss (Xu et al., 2018)

DL2 (Fischer et al., 2019)

LTN (Badreddine et al., 2022)

DeepProbLog (Manhaeve et al., 2018)
MultiplexNet (Hoernle et al., 2022)

Straight through estimator (Sahoo et al., 2023)
SATNet (Wang et al., 2019)

LP relaxation of ILP (Wilder et al., 2019)
MIPaaL. (Ferber et al., 2020)

DYS-Net (McKenzie et al., 2024)

Perturbed optimizer (Berthet et al., 2020)
CombOptNet (Paulus et al., 2021)

ILP inference (Roth & Yih, 2005)

DRL (Stoian & Giunchiglia, 2025)

Ours
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Convex Hull Relaxation

Convex hull relaxation
= Offers a tight relaxation.

Disjunctive Form : S; V S,

Convex Hull(S;U S,) :

S = {x | X = /11.7(1 +).2x2,
X1 (S Sl,x2 € Sz,/11 +AZ = 1,/11,/12 >0

v

Balas 1979 8
Raman and Grossmann 1994



Multiple Rules
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Conjunctive Normal Form (CNF)

27
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Conjunctive Normal Form (CNF) E

v

conv(CNF) = ﬂ conv(S] US3)

r
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Multiple Rules

v

12



Disjunctive Normal Form (DNF)
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v
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Disjunctive Normal Form (DNF)

v

conv(DNF) = conv( U ﬂS;r)

ke{1,2}Rr=1
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CNF vs DNF

27

Conjunctive Normal Form

Disjunctive Normal Form

e \Weaker relaxation

* Variables grow linearly with no
of rules.

e Fasterto solve.

e Tighter relaxation

* Variables grow exponentially
with no of rules.

e Slower to solve

»
»

v

Both forms are linear and differentiable

Balas 1979
Raman and Grossmann 1994
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Exact Rule Satisfaction E

* The projection problem can be formulated as a differentiable linear program,
implemented using DiffOpt.jl

(v*(z,9),n"(2,9)) € argmin 177

st (y,m) € F(x;9),

.FDNF(J: ) —conv( U m Srk (z; y))

kell(z) reR(x)

Besancon, M., Dias Garcia, J., Legat, B., & Sharma, A. (2024) DiffOpt.jl
Pirnay, H., Lopez-Negrete, R., & Biegler, L. T. (2012) sIPOPT

» Theorem (informal): When solving projection problem with DNF using the extended
LP formulation, the extreme point solution to the LP satisfies the constraints of the
original formulation.

Balas 1979 16
Raman and Grossmann 1994



Geometric Intuition E
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Modeling using JUMP E

Rules are modeled as MILP or disjunctive constraints.
Ri:94=213=>y,=20.7vy, =20.7 Ry,:95 208>y, =>20.6Vy; =0.6

Converted into modeling constraints in JUMP.
Embed into neural network models in Flux.jl using DiffOpt.jl.

Input-dependent rules are easy to handle: loop over the active rules and add only the
relevant constraints.

@variable(model, y[1:3] >= @)

# Rule R1

if g A >= 1.3
@variable(model, z1, Bin)
@constraint(model, y[1] >= 0.7
@constraint(model, y[2] >= 0.7

end

# Rule R2

if g B> 0.8
@variable(model, z2, Bin)
@constraint(model, y[2] >= ©.6
@constraint(model, y[3] >= 0.6

end

18



Case Study: Overview ?

» Single-cell RNA sequence classification problem (scRNA-seq)
= RNA-seqof cells
= Gene counts of marker genes
= 3K PBMCdataset
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Test Performance

27

= Enforcing rules via projection improves performance in low-data regimes.
= Asthe datasetsize increases, the unconstrained model also improves.

F1
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Constraint Satisfaction

Constraint satisfaction

Tighter DNF-based projections can trade a small amount of F1 for stronger rule
adherence.
The unconstrained model can gradually learn the rules as the dataset size increases.

Test Constraint Satisfaction
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